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1. Introduction 
A Miele1 studied rocket flight with zero initial velocity. 
Present author SN Maitra2 dealt with variable thrust programming by 
establishing superiority of one thrust programming to another. But in 
many cases an initial velocity may be generated by means of an 
impulsive thrust followed by a programmed thrust during the flight 
mission. Moreover when a missile is launched from a flying aircraft, 
moving launcher or spacecraft, initial velocity of the former is that of 
the latter if no initial velocity is imparted to the rocket out of its 
internal ballistics. Hence this paper is aimed at flight performance of 
rocket launched with an initial velocity at an angle of elevation, ie, 
making an angle with the horizon and is flown in vacuum with a 
constant / variable thrust inclined at an angle with respect to the 
horizon. 
 
2. Equations of motion of the rocket 
The equations of motion of the rocket as obtained by A 
Miele1 can be rewritten as 
𝑋 =𝑉𝑥                          
𝑕 = 𝑉𝑦  
𝑇 cos𝛿 =m𝑉𝑥                                                                                                         (1)                                                                                                                          
Tsin 𝛿 = 𝑚(𝑔 + 𝑉𝑕 ) 
 𝑚 +𝛽 = 0   
T=𝛽𝑉𝐸 
where X is the horizontal distance, h the altitude, Vx   the 
horizontal component of the velocity, Vh  the  vertical component of the 
velocity, T the thrust, m the mass, g the acceleration due to gravity, δ 
the constant inclination of the thrust, β the propellant mass flow i.e. 
propellant mass consumption per unit time, VE  the equivalent exhaust 
velocity and the dot sign the derivative with respect to time t. 
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3. Constant thrust program 
The constant thrust program is one in which the constant 
thrust during the burning phase of the rocket is followed by a coasting 
phase i.e. flight with the engine shut off. If the thrust is held constant 
the instantaneous thrust –to- weight ratio is given by   
   𝜏 =
𝜏𝑖
𝜇
                                                                                                                      (4)                                                                          
where 𝜏𝑖  is the initial thrust – to- weight ratio. Let the 
following initial conditions be considered: 
𝜃𝑖  =Xi  = hi  = 0,  µi = 1, 𝜙i =ui cos𝛼 , ψi=ui sin𝛼                                                  
(5)                                                                          
where ui is the dimensionless initial velocity making  an 
angle α to the horizontal. 
After equations (3) are solved subject to the conditions (4) 
and (5), the following burnout conditions are obtained 
𝜃𝑐 =









− sin𝛿𝑙𝑜𝑔𝜇𝑐+𝑢𝑖 sin𝛼 
𝑋𝑐
1 = (cos 𝛿)/ 𝜏𝑖){𝜇𝑐 log𝜇𝑐 + (1 − 𝜇𝑐)(1+











{ 1 − μ𝑐  1 +
𝑢 𝑖 sin 𝛼
sin 𝛿
 + 𝜇𝑐 𝑙𝑜𝑔𝜇𝑐 }  
Since the burning phase (c) is followed by a coasting phase 
(f), the conditions at the end of burning can be related to those at the 
end of coasting so that 
µf=𝜇𝑐 = 1 − 𝜁,𝜙𝑐=𝜙𝑓 ,ψf + θf = ψc + θc  
𝑋𝑓
1 −𝜙𝑓𝜃𝑓 = 𝑋𝑐
1 − 𝜃𝑐𝜙𝑐  ,𝑋𝑓
1 −𝑋𝑐









                                                                                                                  
where 𝜁 𝑖𝑠  the propellant mass ratio; ‘f’and ‘c’ refer to the 
final and burnout points respectively. 
The horizontal distance ie, the range flown along the 
coasting phase is 
𝑋𝑓
1 −𝑋𝑐
1 = 𝜙𝑐(𝜓𝑐 +  2𝑕𝑐
1 + 𝜓𝑐
2                                                                         (8) 
As a consequence of (6),(7) and (8) the overall range is determined as 
𝑋𝑓




𝑢 𝑖 sin  𝛼+𝛿 
cos 𝛿𝑙𝑜𝑔𝜇𝑓
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𝑢 𝑖 cos 𝛼
cos 𝛿  𝑙𝑜𝑔𝜇𝑓
  sin 𝛿(sin 𝛿 −  
2
𝐾















                                                                                           (10)                                                                          
4. Constant thrust acceleration program 
In this case the thrust –to-weight ratio is held constant at all 
time instants of the powered flight followed by a coasting flight. This 
thrust program is represented by  
Abstract 
The rocket is launched at an angle of elevation with an initial velocity and 
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𝜏 = 𝜏𝑖                                                                                                                       (11) 
































Since the coasting range is still included, the overall range 
with the same technique as earlier is given by 
𝑋𝑓








𝑢 𝑖 sin 𝛼 cos 𝛼
2
cos 𝛿𝑙𝑜𝑔𝜇 𝑓
2 +  1 −
𝑢 𝑖 cos 𝛼
cos 𝛿  𝑙𝑜𝑔𝜇𝑓
  sin𝛿(sin 𝛿 −  
1
𝜏𝑖
  −  
2𝑢 𝑖sin 𝛼
𝑙𝑜𝑔𝜇𝑓





    ]       (13) 
  
5. Variable   thrust program 
 In this section is dealt with a thrust program specified by 
instantaneous thrust acceleration proportional to the nth power of the 
mass-to initial mass ratio, n being a constant i.e.   
𝜏 = 𝜏𝑖𝜇
𝑛         (n≠0)                                                                                             (14) 
In view of equations (3),(4) and (5) in this case the burnout conditions  





ϕ𝑐 = − cos𝛿𝑙𝑜𝑔𝜇𝑐+𝑢𝑖 cos𝛼                                                           




− sin δ 𝑙𝑜𝑔𝜇𝑐+𝑢𝑖 sin𝛼                                                                                (15) 
𝑋𝑐
1 = (cos𝛿)/(𝑛2 𝜏𝑖){𝜇𝑐
−𝑛 log𝜇𝑐
−𝑛 + (1 − μc
−n )(1- 












{ 1 − 𝜇𝑐
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Employing (15) and (7) in (8), the overall range can be given by (as in 
the previous sections) 
𝑋𝑓




𝑢 𝑖 sin  𝛼+𝛿 
cos 𝛿𝑙𝑜𝑔𝜇𝑓
 +
𝑢 𝑖 sin 𝛼 cos 𝛼
2
cos 𝛿 𝑙𝑜𝑔𝜇 𝑓
2 + 
 1 −
𝑢 𝑖 cos 𝛼
cos 𝛿  𝑙𝑜𝑔𝜇𝑓
   sin 𝛿(sin𝛿 −  
2
𝐾𝑛








   ]                                (16) 







                                                                                  (17) 
It can be noted that if we take i) n=-1,ii) n→ 𝑜 we get i) 
constant thrust,ii) constant thrust acceleration programs respectively 
from (16) and (17). This can be verified from the previous results. 
 
6. Maximum Range 
Given the initial thrust-to-weight ratio, propellant mass ratio, 
initial velocity and angle of projection in every thrust program 
𝜏 = 𝜏𝑖𝜇
𝑛 , there exists a thrust inclination such that the overall range is 




= 0 and as such the optimum 

























𝑢 𝑖 sin 𝛼
𝑙𝑜𝑔𝜇𝑓













sin𝛼)} = 0                        (18) 
And the corresponding maximum range [ 𝑋𝑓[
1
𝑚𝑎𝑥 ]
 is computed by 
substituting the value of δ from(18). 
Having given the initial thrust-to- weight ratio, propellant 
mass ratio, thrust inclination and initial velocity, for each thrust 
program 𝜏 = 𝜏𝑖𝜇
𝑛  there exists a lauching angle that maximizes the 























𝑢 𝑖 sin 2𝛼
2𝑙𝑜𝑔𝜇𝑓
− cos𝛼 sin 𝛿) = 0                                        (19) 
The maximum range is obtained by substituting the value of 
α from (19) into (16).  Numerical technique of cumbersome process is 
to be applied for this.     
The overall maximum range can also be found with optimum 
launching angle 𝛼𝑚  𝑎𝑛𝑑 𝑜𝑝𝑡𝑖𝑚𝑢𝑚 𝑡𝑕𝑟𝑢𝑠𝑡 inclination 𝛿𝑚    which can be 
computed by solving (18) and (19), when they are substituted in (16). 
 
7. Discussion 
When the launching angle is equal to the thrust inclination 
(α=δ), the overall range designated by (16) becomes 
Xf















   sin𝛼(sin𝛼 −
2
𝐾𝑛








   ]        (simplifying)             
𝑋𝑓




1 +  sin𝛼(sinα−
2
𝐾𝑛














                                                                    
(21) 
which reveals that the range in this case can be maximized 
with respect to a common value of α and δ. 
On the same lines as in paper [2], the superiority of one 
thrust program to another can also be proven in the present design 
with nonzero initial velocity and launching angle, depending on the 
value of 𝐾𝑛
1 ,𝑤𝑕𝑒𝑟𝑒 𝑛 has any value.Needless to mention that in the 
criterion of achieving greater range, the constant thrust program with 
same initial velocity and launching angle is better than the constant 
acceleration program. 
Although the thrust inclination remains constant with 
respect to the horizon, its inclination with the flight path continuously 
varies. If the thrust vector is inclined at angles ε and δ respectively with 
the velocity vector and with the horizon, 𝛾 being the path inclination 





𝜙       (By use of (3))                                                           (22)                           (22) 
which attains a maximum at a certain instant of time. This 

















          so that by use of  equations  (5) without 
subscript ‘c’, (4) and (3), one gets 
1 − 𝜇
𝜏𝑖
+ sin 𝛿𝑙𝑜𝑔𝜇 − 𝑢𝑖sin⁡𝛼




− sin 𝛿)/(− cos δ) 
𝑜𝑟,− 1 − µ + µ𝑙𝑜𝑔µ 
cos 𝛿
𝜏𝑖
= 𝑢𝑖{ sin 𝛿 − 𝛼 −
𝜇 cos 𝛼
𝜏𝑖
                                   (23) 
 
 (23) gives the propellant mass ratio μ when the inclination of the 
thrust with the velocity vector becomes maximum for which δ> 𝛼. 
From equations (3),(4) and (12) it can be shown that in 
constant acceleration program the rate of change of the slope of 
tangent to the trajectory with respect to the propellant mass ratio µ is 





= 𝑢𝑖[sin 𝛿 − 𝛼 −
𝑐𝑜𝑠𝛼
𝜏𝑖
]                                                                                     (24)             
Using equation (6) in constant thrust program we find the 
velocity 𝑣𝑐



















 -2𝑢𝑖log𝜇𝑐  sinδ                        (25) 
Which has a maximum for an optimum thrust-inclination 
given by tan𝛿 = 𝑡𝑎𝑛𝛼 −
1−𝜇𝑐
𝜏𝑖𝑢 𝑖 cos 𝛼
                                                                      (26) 
With similar consideration we can find the maximum 
burnout velocity and the corresponding thrust inclination in constant 
acceleration program. We can study the cases when 1) α=0,2) α=π/2, 3) 
α+δ = π/2,especially for finding the expressions for burnout velocity, 
striking velocity and overall range in each thrust program. In the 
foregoing analysis the variable thrust program designated by 𝜏 =
𝜏𝑖𝜇
𝑛  reduces to constant thrust program and constant thrust 
acceleration program respectively when n= -1 and 
n→ 0.𝐿𝑒𝑡 𝑢𝑠 𝑑𝑒𝑎𝑙 𝑤𝑖𝑡𝑕 𝐾𝑛 






















































  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 < 0,𝜇𝑓< 1                                                     (27)    
To investigate further for all n>0, μf<1, writing 𝜇𝑓
𝑛=1-(1-𝜇𝑓
𝑛
 )<1  
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2
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 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 > 0, 𝜇𝑓 < 1                                                                              (28)                   
Hence including the results (27) and (28) in those obtained 
in the author’s previous paper [2], it is established that 
1
𝐾𝑛
 decreases as 
n decreases through its positive or negative values, leading to greater 
overall range with less value of n in thrust program τ= 𝜏𝑖𝜇
𝑛 . Evaluation 
of Kn for different values of n : For simplicity let us take 1) τ i =4, μf =1/e 
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= .0098 𝑎𝑛𝑑 
1
𝐾0
=.𝑂250.      
The values of Kn for all n ratify that the more is the initial 
thrust-to-weight ratio, the greater is the range. For the validity of the 
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After all the values of other given parameters like μf, τi, n are 
to be so chosen that the conditions (29) must be satisfied. 
If the space vehicle travels with its thrust inclination to the 
horizontal equal to the launching angle 
(𝛿 = 𝛼) 𝑡𝑕𝑒𝑛 𝑎𝑠 𝑖𝑠 𝑑𝑜𝑛𝑒 𝑖𝑛 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒[1,2] there exists an optimum 
value 
𝛿𝑚  𝑜𝑓 𝑡𝑕𝑖𝑠 𝑎𝑛𝑔𝑙𝑒 𝑡𝑕𝑎𝑡 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑠 𝑡𝑕𝑒 𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝑟𝑎𝑛𝑔𝑒 𝑏𝑦 𝑢𝑠𝑒 𝑜𝑓  20  𝑎𝑛𝑑 =
2 𝑠𝑖𝑛3𝛿𝑚
2 𝑠𝑖𝑛2𝛿𝑚−1
,   𝛿𝑚 > 45
0                                                                                                                                                   (30) 
while the maximum range is 
[𝑋𝑓
1
]max=(cos 𝛿𝑚  𝑙𝑜𝑔
2𝜇𝑓)/(2𝑠𝑖𝑛
3𝛿𝑚  )                                                               (31) 
Given 𝐾𝑛







= 0                                                                                                                       (32) 
𝑃𝑢𝑡𝑡𝑖𝑛𝑔 sin𝛿 = 𝜆 + 𝐾𝑛













2   
 )= 𝑜                                                                  (34)                                                                                                                                                              
𝐿𝑒𝑡𝑡𝑖𝑛𝑔  𝜆 =  𝑝 +  𝑞                                                                                                         (35) 
𝜆3 − (p+q)-3 𝑝𝑞𝜆= 0                                                                                       (36) 
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Now adding and subtracting and then dividing by 2 we can 
find the values of p and q ,which, when substituted in (36), leads to the 
value of λ which is again substituted in (35) so as to yield the value of 
δm such that 
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                                         (37)                                           
Two numerical examples of overall ranges are cited below: 
Taking 








=  .1291 , 𝑠𝑜 𝑡𝑕𝑎𝑡 𝑡𝑕𝑒 𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝑟𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑕𝑟𝑢𝑠𝑡, 
 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 




1 = 1.421 
which reveals that the variable thrust yields greater range. 
Numerical  example 2.  
Let us take α=δ=300,  
µf=𝑒−2 = .1353,  𝜏𝑖 = 2,𝑢𝑖 = .2,𝑛 =
−1,−2,−3, 0 𝑛 → 0 .𝑇𝑕𝑒𝑛 𝑎𝑏𝑜𝑣𝑒 𝑡𝑦𝑝𝑒 𝑟𝑎𝑛𝑔𝑒𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑎𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑎𝑠 
𝑋𝑓−1
1 = 3.1318, 𝑋𝑓−2
1 = 3.1258, 𝑋𝑓−2
1 = 3.4789,
𝑋𝑓−3
1 = 3.4853 
With 𝜏𝑖 = 1.6, 𝜇𝑓 = .18; 𝛿𝑚 = 𝛼𝑚 = 48.5
0  ie, cos 𝛿𝑚 = .75 gives rise to 
the maximum range in view of equations (20), (21), (30), (31) including 
ui=.2 in constant thrust program.  
[𝑋𝑓−1
1 ]𝑚𝑎𝑥 1.67 𝑤𝑕𝑖𝑐𝑕 𝑖𝑠 𝑎𝑙𝑠𝑜 obtained by taking α=0,τi=2,ui=0, keeping 
the other criteria the same due to paper[2].This paper also shows 
superiority of constant thrust program over constant acceleration 
program in the sense of acquiring greater range. 
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Figure 2: Rocket launched at an angle of elevation 
 
Figure 3: Vertically positioned rocket for launching 
 
Figure 4: Two rockets launched at angle with respect to horizon 
